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Homogeneous wave equations satisfied by the 4-vector momentum density F 
(including the mass-energy density as its timelike component) are derived as a 
consequence of energy conservation and uniqueness of the action integral. These 
two conditions can be written respectively as the vanishing of the four-dimensional 
versions of the divergence and curl of ~7. The generation of such waves described by 
inhomogeneous wave equations is shown to be possible by violation of energy 
conservation, action uniqueness or both. In the case where energy is conserved but 
action uniqueness is violated by the presence of an electromagnetic field it is found 
that an Ansatz proportional to q(g + il?) for the curl of d leads to the correct 
Lorentz force term in Newton II modified by the presence of the electromagnetic 
field. This then implies that the D’Alembertian of the mass density is proportional 
to the square of the charge density. It is speculated that this may be applicable to 
the internal distributions of mass and charge of electrons, protons and neutrons as 
evidenced by electromagnetic stering experiments. 
1. INTRODUCTION 
Although the general concept of mass-energy waves has become familar 
in physical theories since the advent of relativity, the relationship of such 
waves to the principles of energy conservation [ 1, 21 and uniqueness of 
action has been afforded scant attention. In the spirit of wave-particle 
dualism [3] particles can be thought of as standing waves of mass-energy 
distribution if their mean location is fixed, while moving particles can be 
thought of as wave packets of mass-energy and radiation can be conceived 
as propagating waves of energy. Here the existence and sources of 
mass+energy waves of any type will be established. 
Generally physical theories with few exceptions have tacitly assumed that 
a local formulation will automatically become valid over large times and 
distances. The prevalence of locally successful differential models has 
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possibly contributed to this view. Actually specific mathematical 
(integrability) conditions must be fulfilled by a formulation to possess 
“global validity” (over large regions of space-time) rather than simply “local 
validity.” This viewpoint has been elaborated by the author elsewhere [4] 
and will not be repeated here. Suffice it to say that a relativistic form (21) of 
Newton’s second law is a consequence of condition (8) for uniqueness of 
action in mechanics. The recognition of the uniqueness argument as a 
sufficiency condition for special relativistic mechanics is an important step in 
understanding the scope and structure of all modes of formulating 
mechanics. 
Here the intention is to derive the existence of mass-energy density waves 
(23) and more generally waves of the 4-vector momentum density (27) from 
the two principles of mass-energy conservation and uniqueness of action. 
These satisfy homogeneous wave equations and therefore describe a 
phenomenon of undulatory character but not the generation of such waves. 
In order to generate mass-energy density waves it turns our to be sufficient 
to violate one or both of these principles. It also turns out that if mass- 
conservation is retained but uniqueness of action is rejected as a hypothesis 
the source of the mass-energy density waves (and the 4-vector momentum 
density waves (39)) may be identified with the charge-current distribution 
generating the electromagnetic field. This implies a mathematical relationship 
(65) between electrical charge and mass which may have a bearing on the 
internal distributions of charge and mass of such particles as electrons, 
protons and neutrons as revealed by electromagnetic scattering experiments. 
2. PRELIMINARY NOTATIONS AND PREMISES 
In the sense of special relativity the notation adopted to represent the 4- 
vector momentum density is 
p= = p. G = (E/c, P), (1) 
where pO is rest mass per unit rest volume, E is energy per unit rest volume, 
and p is 3-vector momentum per unit rest volume. Similarly with the 
relativistic factor a-* = I - (v/c)*, 
E=aE,=pc2 (2) 
and 
p=ap,; (3) 
the rest energy per unit volume E, and mass per unit rest volume p are 
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defined. The scalar product of two 4-vectors E= (b, g) and d = (d, D) is 
defined as 
(4) 
while the vector product of two 4-vectors is defined (consistently with the 
identity of Lagrange) by 
with i = \/-1- 
(5) 
For the unique integrability [4] (indepent of path) of the action of a unit 
of rest volume 
with the differential of location in space-time 
dR= = (c dt, di?), 
one has the condition 
F xp==0, 
where the 4-de1 is (in terms of 3-de1 V) 
7 = (a,,, -V). 
Alternatively (8) is equivalent to 
about any path closed in space-time. 
According to (5), (8) can also be written 
F xb = -V xp + i[a,,p + V(E/c)] = 0 
or separately 
vxp=o; a,,g + V(E/C) = 0. 
The condition for conservation of mass-energy is 
F.p=d-J, 
(6) 
(7) 
(8) 
(9) 
(10) 
(11) 
(12) 
(13) 
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which according to (4) can also be written 
d,,(E/c) + v * p = alp + v . @V) = 0. (14) 
To see that (8) implies the special relativistic form of Newton’s second 
low one argues as follows. 
jj.p== ; i 1 
2 2 -p.jj= + . ( 1 (15) 
Hence 
EVE-E,VE,+i. ji). (16) 
Also 
~v(p.p)=(p.v)p+px(vxp)=(p.v)p (17) 
by the first equation of (12). Then (16) may be written 
VE-+VE,=(F V)j?. (18) 
The Eulerian derivative of p is 
D,p=a,p+ (5. V)jJ (19) 
so that substitution from (18) and from the second equation of (12) yields 
D,p= -$$VE or 0 a D,p= -VE,, (20) 
which in terms of a differentiation with respect to proper time r (dt = a ds) 
becomes 
D,ji= -VE,. (21) 
In the low-velocity approximation a =: 1 and dz z dt. Also since the kinetic 
energy density T = E - E, if the potential energy density V is identified with 
the position dependent part of E, one has 
D,p= -VV, (22) 
Newton II. 
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3. THE UNDULATORY CHARACTER OF MASS-ENERGY 
AND ~-MOMENTUM DENSITIES 
Differentiation of (14) with respect to ct and substitution from (12) for 
a,,j yields the result (0 = D’Alembertian operator) 
q (E/c) = <a;, - A)(E/c) = 0, (23) 
or in words: Mass-energy density is a wave. 
Differentiation of the second equation in (12) with respect to ct and 
substitution for ~3,,(E/c) from (14) leads to 
because 
o=af,p-v(V. p>, (24) 
af,p-Aj=Op=& (25) 
V(V.~~-A~=VX(VX~)=~ (26) 
according to the first equation of (12). Thus the 3-vector momentum density 
p is also a wave. Equations (23) and (25) together imply that 
QT=o. (27) 
The 4-vector momentum density is a wave. 
4. SOURCES OF ~-VECTOR MOMENTUM WAVES 
If the assumption of mass energy conservation (14) is replaced by 
while (12) is retained (E is the power generated per unit rest volume) 
differentiation and substitution as carried out before now lead to 
q (E/c) = a, E/C3 (29) 
and the source of the mass-energy density wave is the partial time derivative 
of the power density. This means that in order for such a wave to be 
generated E must become non-stationary. However, whatever the 
circumstances under which a mass-energy density wave is produced, after 
3,~ = 0 the wave will propagate (at phase velocity c) according to (23). 
According to (28) such a wave can be generated by a violation of 
mass-energy conservation. 
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In a similar way one obtains 
Qi = -V&/C2 (30) 
so that 3-vector momentum waves are generated by a gradient in the power 
density E. Again (12) has been assumed. 
Combining (29) and (30) one has 
up= s/2. (31) 
Thus the source of 4-vector momentum waves is the 4-vector gradient of the 
power generation per unit rest volume if uniqueness of action obtains. It is 
clearly associated with violation of mass-energy conservation via (28). 
Equation (31) is but one case out of a trichotomy of violations. Next will 
be considered the case where mass-energy is conserved but uniqueness of 
action is violated. Here (11) is replaced by 
6xp==-VXd+i[a,,P+V(E/c)]=~+iB. 
In terms of the violation vectors 2 and i? separately one has 
-vxp=A, 
a,, ~7 + V (E/c) = B. 
(32) 
(33) 
(34) 
Differentiating (14) with respect to ct and substituting a,,~? from (34) one 
has 
q (E/c) = -V . B. (35) 
Next differentiating (34) with respect to ct and substituting for a,,(E/c) from 
(14) one has 
a;,p-V(V * p)=a,,B. (36) 
But according to (33) 
V(V. p)=Ap-Vx& (37) 
so that (36) becomes 
q pa,,E-v xx. (38) 
It is natural to combine (38) and (35) into a single statement about the 
D’Alembertian of the 4-vector momentum density p 
q p==y (39) 
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where Y’= (u, q so that 
y=-v.B, (40) 
F=a,,E-v xx (41) 
The consequences of violation of (11) lead also to a generalization of the 
argument for Newton II. In particular (17) becomes (using (33)) 
+V(p. p)=(p. V)P-pxx (42) 
From (34) one has 
a,p=&-VE (43) 
while 
(B.v)p-‘&v(P.~)+XA. 
m 
But according to (16) 
V(P * PI 
2m 
=VE-+-VE,, 
which changes (44) to 
(45) 
(L’V)p=VE-+VE,,+Bxx. (46) 
Hence (43) and (46) yield 
D,p = (EC + V X 2) - VE,/a. (47) 
The form of the term (EC + V x 2) which modifies (20) due to 
nonfulfillment of the uniqueness condition (8) suggests the following iden- 
tification of 2 and g. 
It is postulated that the violation vectors 2 and B be expressed in terms of 
the charge density q, the electric intensity vector E and the magnetic 
intensity vector H as follows: 
Yi = qJjlc, (48) 
B = qE/c. (49) 
The justification of this procedure will depend upon its being able to satisfy 
Maxwell’s equations consistently with relations (33) (34), (47), (39) which 
is readily verified. 
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Clearly (48), (49) satisfy (47); 
D,p=q (E+@)-T (50) 
with the Lorentz force term augmenting (20). Equations (33) and (34) 
become 
-v x p = qR/c, (51) 
while (40) and (41) become 
(52) 
F = + d,,(qE) - + v x (qfi), 
Y=4aer~-4vx~- 
vqxE7 - 
+ : a&7* 
C C c 
(54) 
According to the Gauss electrostatic theorem (61, (53) can be written 
- 
-J)zd+EZL 
C c (55) 
and according to the Ampere circuital law 
-y,4j- Bxvq - 
c2 c -$%,q. (56) 
If q is any arbitrary function of the variable (fi . fict - g X fi . E) so that 
q=f(H.&t-EXE;iX), (57) 
vq = -(IT x R)f ‘) (58) 
l?xVq=-(a. @Ef’ for E.Fi=O, (59) 
Ba,,q = (i7 . ii) i?f ‘, (60) 
so that (55) and (56) become 
-Y = 9=/c, (61) 
- u = qJ/& (62) 
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where it has been assumed that the electromagnetic field varies slowly 
compared to q so that I? and Z? can be treated as constant in (57), then (39) 
becomes 
where .? is the charge-current density 4-vector. Equation (32) becomes 
(64) 
in terms of the Maxwell-Kramers vector I? Equation (63) exhibits the source 
of 4-vector momentum density waves as the charge-current distribution 
under the assumption of energy conservation but not uniqueness. 
At this point one may question the association of non-uniqueness with the 
existence of the electromagnetic field. According to this view non- 
propagating electromagnetic fields cannot be associated with a unique action 
(unless the 4-vector potential for the fields is subtracted from the 4-vector 
momentum density to restore uniqueness). Propagating electromagnetic fields 
traversing null interval paths in space-time (ds = 0) do not contradict 
uniqueness of action 151. 
Turning now to the scalar (timelike) component of (63) one has 
-up = q=/c=, (65) 
a connection between mass and electrical charge. 
Several Ansltze alternatives to (48), (49) are given in the Appendix. Since 
there is no size restriction in the arguments one might suppose that the 
internal mass and charge distributions in the electron, proton and neutron 
would be subject to (65) or its analogs. Whether such a supposition could be 
supported would depend upon matching known particle properties with (65). 
The final way in which violations can occur is for both (11) and (13) to 
be replaced by 
d,,P + V(E/c) = B, (66) 
-v x pa, (67) 
8,,(E/c) + v . p = E/c?. (68) 
Differentiating (68) with respect to ct and substituting for a,,~? from (66) 
yields 
409BO!l 2 
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Differentiation of (66) with respect to ct and substitution for a,,@/~) from 
(68) yields 
i?f,p - V(V . 6) = a,,& V&/C2, 
while replacement of V(V . p) from (37) then results in 
(70) 
q p = -v x A- + a,,B - V&/C2. (71) 
If Y? and B are given by (48) and (49) then (69) and (71) may be combined 
via the Ampere circuital law as 
= 
FE 
clp=-$+,, (72) 
whence it is seen that violation of mass-energy conservation and/or of action 
uniqueness can generate such waves. 
5. SUMMARY 
The condition for uniqueness of action of a unit rest volume of material 
may be written in terms of the 4-vector momentum density p as 
ax,==o, (73) 
while the condition for conservation of energy is 
e.j=o. (74) 
Together with (15), the relativistic energy relation, (73) implies a form of 
Newton II (21). 
It is shown that (73) and (74) imply that mass-energy E and 5 satisfy 
homogeneous wave equations (23) and (27). The sources of such waves are 
established by violating (73) and (74) first separately and then together. In 
this way it is shown that violations of conservation of mass-energy and/or 
uniqueness of action give rise to waves of 4-vector momentum density 
q y = u= +%/c2, (75) 
with sources the 4-vector F and the power-generation scalar density E. Each 
of these measure deviations from (73) and (74). 
If energy is conserved but action uniqueness (73) violated Newton II is 
augmented by a term which becomes the Lorentz force on an electrical 
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charge if the vector F is interpreted in terms of (48), (49), the elec- 
tromagnetic field. Consistency then implies 
-0p = q*/c*, (76) 
a connection between mass-density p and chargedensity q. 
APPENDIX: ALTERNATIVE ANSATZE 
Agreement at low velocities with the classical Lorentz force would be 
attained with 
to which 
A = akqR/c, 
B = akqEjc, 
and 
D, ~7 = qak(i? + ji X fi) - VE,/a, 
q F = -qakj/c2 
q lp = -q2ak/c2 
would correspond where PC = V and a = (1 - ,ii . a)- Ii*. 
Another Ansatz replacing (48), (49) could be (for f?. fi = 0) 
2 = qaR/c, 
to which 
B= (q/c)[aE+ (1 -a)@. P)5], 
D,p=q[aE+(l-a)(E.F)F+a@XH)]-VE,/a 
and finally 
--Up = q*a/c + ( 1 - a) 9, , q/c 
would correspond, where 
q,, =V + (E,,$ 
q=V.(E,,v+E.)=q,,+q,, 
v= q/v, 
B=E,,v+~~=(E.~))---x((VxE), 
(48’) 
(49’) 
(50’) 
(63’) 
(65’) 
(48”) 
(49”) 
(50”) 
(65”) 
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and Maxwell’s equations are replaced by 
-aa,,H=aVXE-(1-a)~X[(v.V)E+vX(VXE))l, 
J/c + u&,E + (1 - a) F((v . a,,Q = av x H, 
q=aV.E+(1-a)v~(v*V)E, 
V.H=O. 
which reduce to the original Maxwell equations as a + 1. 
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